The spin-transfer-torque-driven (STT-driven) dynamics of a domain wall in an easy-axis rareearth transition-metal ferrimagnet is investigated theoretically and numerically in the vicinity of the angular momentum compensation point TA, where the net spin density vanishes. The particular focus is given on the unusual interaction of the antiferromagnetic dynamics of a ferrimagnetic domain wall and the adiabatic component of STT, which is absent in antiferromagnets but exists in the ferrimagnets due to the dominant coupling of conduction electrons to transition-metal spins. Specifically, we first show that the STT-induced domain-wall velocity changes its sign across TA due to the sign change of the net spin density, giving rise to a phenomenon unique to ferrimagnets that can be used to characterize TA electrically. It is also shown that the frequency of the STTinduced domain-wall precession exhibits its maximum at TA and it can approach the spin-wave gap at sufficiently high currents. Lastly, we report a numerical observation that, as the current density increases, the domain-wall velocity starts to deviate from the linear-response result, calling for a more comprehensive theory for the domain-wall dynamics in ferrimagnets driven by a strong current.
I. INTRODUCTION
Spintronics is the field, in which electrons' spin is utilized in addition to charge for the advancement of information processing technology beyond the conventional charge-based electronics, and, therefore, the interaction between charge and spin has been one of the central topics in the field. In particular, the effect of a charge current on the magnetic dynamics, which is described as the spin-transfer torque (STT), has been intensively studied for metallic ferromagnets since the first theoretical predictions in 1996 [1, 2] . One of the major practical utilities of STT in spintronics is to drive a magnetic domain wall, a topological defect between two uniform domains, that can be used to realize racetrack memory [3] . Also, fundamental research on STT-induced domain-wall motion has been allowing us to strengthen our understanding of spin-charge interaction in ferromagnets [4] [5] [6] [7] .
Departing from ferromagnets consisting of parallel spins, there is another class of magnets called antiferromagnets, where neighboring spins are antiparallel. Antiferromagnets have been attracting great attention in spintronics, particularly for the last decade, owing to their much faster dynamics than ferromagnets and the ensuing promise for ultrafast spintronic devices [8] . However, the research on antiferromagnetic dynamics has been impeded by difficulties in controlling and detecting them due to, e.g., the absence of magnetization. For this reason, the previous research on STT in antiferromagnets has been mostly theoretical [9] [10] [11] [12] [13] [14] .
There have been recent developments in understanding and utilizing antiferromagnetic dynamics enabled by an emerging class of magnets called ferrimagnets, which consist of two or more inequivalent magnetic sublattices coupled antiferromagnetically [15] . These ferrimagnets, which are typified by rare-earth transition-metal (RE-TM) ferrimagnetic alloys such as GdCo or GdFeCo, can exhibit antiferromagnetic dynamics owing to the antiferromagnetic coupling of constituent spins, and, at the same time, can be controlled and detected easily due to small, but finite magnetization caused by imperfect cancellation of neighboring magnetic moments. This unique combination of antiferromagnetic dynamics and finite magnetization has recently allowed for achieving fast domain-wall motion [16] [17] [18] [19] and magnetization switching [20] [21] [22] in various ferrimagnets. In particular, Okuno et al. [23] recently reported an experimental study of STT in ferrimagnets through current-assisted field-driven domain-wall motion, introducing ferrimagnets as a useful platform to investigate STT in magnets with antiferromagnetic coupling [24] .
In this work, we theoretically and numerically study the domain-wall dynamics in RE-TM ferrimagnets driven by STT, which has not been explored yet. One of the unique features of ferrimagnets that are absent in ferromagnets and antiferromagnets is that their spin density can be continuously tuned across zero by changing temperature or chemical composition. The temperature at which the net spin density vanishes is called the angular momentum compensation point T A [25, 26] , and it offers one of the situations where the advantage of ferrimagnets is most prominent: their dynamics is purely antiferromagnetic due to the vanishing spin density and thus is shown to be the fastest [16] [17] [18] . Therefore, in our study on STT-driven domain-wall dynamics, we will focus on ferrimagnets in the vicinity of the angular momentum compensation point T A . STT of ferrimagnets that describes the effect of a current on a spatially varying spin texture is similar to STT of ferromagnets due to the dominant coupling of conduction electrons' spin to one of multiple sublattices of ferrimagnets, as have been invoked in Ref. [27] , where the STT-driven dynamics are studied for two-dimensional spin textures called skyrmions in ferrimagnets. It consists of the reactive and the dissipative components, which are also referred to as the adiabatic and the nonadiabatic STT. The adiabatic STT, which is even under time reversal, describes the angular momentum transfer from conduction electrons to the background spin texture such as a domain wall when electrons' spin follows the local spin texture adiabatically. The nonadiabatic STT captures the angular momentum transfer via the other processes deviating from the aforementioned adiabatic process, e.g., mistracking between conduction electrons' spin and the spin texture. While both terms exist in ferromagnets, antiferromagnets are lack of the adiabatic STT since electrons' spin cannot follow atomically-changing staggered spins adiabatically [11, 28] . STT of RE-TM ferrimagnets possesses both terms akin to ferromagnets since conduction electrons are known to interact mostly with TM magnetic moments and thus are spin-polarized following TM's magnetization [29, 30] . See Fig. 1 for the illustration. Therefore, in the vicinity of angular momentum compensation point, where the nature of dynamics is antiferromagnetic but STT possesses the adiabatic term, ferrimagnets are expected to exhibit a unique phenomena that can occur neither in ferromagnets nor in antiferromagnets, which we reveal theoretically and numerically in this work through the domain-wall dynamics.
This paper is organized as follows. In Sec. II, we study the STT-driven domain-wall dynamics in ferrimagnets by varying the temperature across the angular momentum compensation point T A . Specifically, by studying the dependence of the velocity and the angular velocity of a domain wall on the net spin density and the current within the linear response, we show that the domain-wall velocity changes its sign across T A (see Fig. 1 for the illustration), offering an electrical way to identify T A that is known to be difficult to characterize. In addition, the angular velocity is shown to exhibit its maximum at T A , where most of the transferred angular momentum from conduction electrons is used for rotating the domain wall by accumulating a nonequilibrium spin density inside it. The theoretical result based on the collective coordinate approach is supported by atomistic spin simulations. In Sec. III, we numerically study the STT-driven dynamics of a domain wall exactly at T A by applying large currents to go beyond the linear-response regime. As the current increases, the domain-wall angular velocity is shown to saturate to the spin-wave gap, which is caused by the increase of the domain-wall width. In addition, at large currents, we observe that the domain-wall velocity deviates from what is predicted from the linear-response theory, showing a limitation of the linear-response theory for the domain-wall dynamics at high biases. We conclude the paper by providing a summary and future outlook in Sec. IV.
II. STT-DRIVEN DOMAIN-WALL DYNAMICS WITHIN THE LINEAR RESPONSE
In this section, we study the dynamics of a domain wall in ferrimagnets driven by STT within the linear response, i.e., at sufficiently small currents. For concreteness, we consider RE-TM ferrimagnets which are composed of two antiferromagnetically-coupled sublattices of RE spins and TM spins.
A. Theory
The Landau-Lifshitz-Gilbert-like equation for a RE-TM ferrimagnet with STT is given by [23, 27, [31] [32] [33] [34] [35] δ sṅ − αsn ×ṅ − ρn ×n
to linear order in the bias, a charge current density J = Jx, where n is the unit vector along the magnetization direction of RE elements, δ s is the equilibrium spin density along −n (i.e., along the spin direction of RE elements), α > 0 is the Gilbert damping constant, s is the sum of the spin densities of the two sublattices, ρ is the moment of inertia representing antiferromagnetic dynamics of n [36] , h eff ≡ −δU/δn is the effective field conjugate to n, and U [n] is the potential energy. The last two terms on the right-hand side are the adiabatic and the nonadiabatic STT terms, where P is the spin conversion factor given by
(with the electron charge e > 0) which characterizes the polarization of the spin-dependent conductivity σ s (s =↑ or ↓ with ↑ chosen along −n), and β is the dimensionless parameter characterizing the nonadiabatic torque term.
Note that there exists the adiabatic component of STT since the charge current can be spin-polarized according to one of two sublattices, which is in contrast with STT for antiferromagnets where the adiabatic component is absent [11, 28] .
We consider a quasi-one-dimensional magnet with uniaxial anisotropy described by the following potential energy:
which has been used to describe the domain-wall motion in magnets with perpendicular magnetic anisotropy and negligible in-plane anisotropy (see, e.g., Refs. [17, [37] [38] [39] ). Here, A is the exchange coefficient, K is the easyaxis anisotropy coefficient, and represents the derivative with respect to the spatial coordinate x. Here, we assume that the magnetic order is uniform in the yz plane. A domain wall is a topological soliton connecting two ground states n = ±ẑ. Its low-energy dynamics is known to be well described by two collective coordinates, position X(t) and angle Φ(t), via the so-called Walker ansatz [40] :
where λ represents the domain-wall width. In equilibrium, the domain-wall width is given by λ 0 = A/K determined by the competition between the exchange energy and the anisotropy. By employing the collective-coordinate approach [5, 41, 42] , we obtain the equations of motion for X and Φ, which are given by
The steady-state velocity V and the angular velocity Ω are then given by, respectively,
andΦ
This is our main analytical result: The domain-wall velocity V and the angular velocity Ω as a function of the net spin density δ s , which can be controlled in RE-TM ferrimagnets by changing temperature or chemical composition. Let us discuss the obtained results for specific cases. First, when the net spin density is sufficiently large, i.e., when the temperature is sufficiently away from T A , the domain-wall velocity can be approximated by
while assuming |β| 1. This can be understood as the result of the angular-momentum transfer ∝ P J from conduction electrons to the domain wall via the adiabatic STT. The absorption of the transferred angular momentum translates into the expansion of one of the two domains at the velocity V [1, 2] . Note that the direction of the domain-wall motion changes when the sign of the net spin density changes, i.e., across T A . The net spin density δ s is defined with respect to −n, and thus, in our domain-wall ansatz, the net spin densities of the left (x → −∞) and the right (x → +∞) domains are given by +δ s and −δ s , respectively, polarized in the +z direction. Therefore, for the given angular momentum transfer from conduction electrons, whether the left domain or the right domain expands is determined by the sign of the net spin density. See Fig. 1 for the schematic illustration. We would like to remark here that the analogous result of the reversal of the domain-wall motion has been reported in the theoretical study of the spin-wave-driven ferrimagnetic domain-wall motion [43] .
Second, when the net spin density vanishes δ s = 0, i.e., at T A , the domain-wall velocity is reduced to
This reproduces the known result for the STT-induced domain-wall motion in antiferromagnets [11] , where the domain wall is driven by the nonadiabatic STT ∝ β. Also, for δ s = 0, the angular velocity is reduced to Ω = P J/αλ 0 s , for δ s = 0 .
This can be understood as follows. Conduction electrons transfer angular momentum at the rate ∝ P J to the domain wall by passing through it. When the net spin density is finite δ s = 0, the domain wall can absorb the transferred angular momentum by moving, i.e., by expanding one of the two domains. However, when the net spin density vanishes δ s = 0, the transferred angular momentum cannot be absorbed by the domain-wall motion and thus it is accumulated inside the domain wall. This nonequilibrium spin density exerts the effective magnetic field [44] , which in turn rotates the magnetic order inside the domain wall at the angular velocity Ω ∝ P J. The steady-state amount of the nonequilibrium spin density and the corresponding precession frequency Ω are determined by balancing the spin dissipation rate caused by the precession ∝ αsΩ and the generation rate of the nonequilibrium spin density ∝ P J. The similar phenomenon has been observed numerically and explained theoretically in the dynamics of a domain wall in an antiferromagnet driven by a circularly-polarized magnon current [37, 38] .
B. Simulation
To confirm the obtained analytical results, we perform numerical simulations by solving the following coupled atomistic LLG equations for RE-TM ferrimagnets [16, 43, 45] :
where A k and B k are the normalized spins at the kth sites in RE and TM sublattices, respectively, H k eff,A = (1/µ re ) · ∂H/∂A k and H k eff,B = (1/µ tm ) · ∂H/∂B k are the effective magnetic fields, µ re and µ tm are the local magnetic moments, α re and α tm are the Gilbert damping constants, γ re and γ tm are the gyromagnetic ratios, M re and M tm are the saturation magnetizations, b re = −g re µ B P re J/(2eM re ) and b tm = −g tm µ B P tm J/(2eM tm ) are the STT parameters [46] , J is the charge current density, e is the electron charge, g re and g tm are the g-factors, P re and P tm are the dimensionless spin polarizations, and β re and β tm are the dimensionless nonadiabatic STT parameters. Here, H is the discrete Hamiltonian given by
For the sample geometry, we considered 3200×100×0.4 nm 3 with cell size 0.4 × 100 × 0.4 nm 3 . Correspondingly, the lattice constant in the x direction is given by d = 0.4 nm. The used material parameters are A sim = 7.5 meV, K sim = 0.4 meV, α tm = α re = 0.002, and the gyromagnetic ratios γ re = 1.76 × 10 11 rad/s·T and γ tm = 1.936 × 10 11 rad/s·T (corresponding to the g-factors g tm = 2.2 and g re = 2 [26] ). The used magnetic moments for five different cases are shown in Table I. For STT parameters, a current in RE-TM ferrimagnets is known to interact mostly with TM magnetic moments [29, 30] . Therefore, in this work, we consider the simplest case where the current interacts only with TM elements. Accordingly, we use the following STT parameters: P re = 0, P tm = 0. Table I . The analytical results shown as lines and the numerical results shown as symbols agree well for the current densities J 5 × 10 11 A/m 2 . Figure 3 by the theory, the sign change of the domain-wall velocity across δ s = 0 and the maximum angular velocity Ω at δ s = 0, are demonstrated in the numerical results.
III. STT-INDUCED DOMAIN-WALL DYNAMICS AT TA
In this section, we study the STT-induced dynamics of a domain wall exactly at T A , where the net spin density vanishes and thus the nature of the magnetic dynamics is purely antiferromagnetic, by applying a charge-current density up to 4×10 12 A/m 2 to look for novel phenomena.
A. Angular velocity of a domain wall
Let us first discuss the numerical results on the domain-wall angular velocity from atomistic spin simulations performed with three different values of the nonadiabatic STT parameter β = 0, 0.0005, and 0.001. Figure 4(a) shows the angular velocityΦ as a function of the current density. The angular velocity increases linearly as the current increases for the small current density as predicted by Eq. (6), but it deviates from the equation for high current densities by showing the saturation.
This observed saturation of the angular velocity can be understood as the effect of the change of the domainwall width as follows. The width of the static domain wall is given by λ 0 = A/K determined by the competition between the exchange energy ∝ A and the easy-axis anisotropy ∝ K. When the domain wall is precessing uniformly at the angular velocity Ω in the laboratory frame, the effective easy-axis anisotropy in the spin frame rotating at the domain-wall angular velocity Ω is given by K eff = K − ρΩ 2 as shown in Ref. [38] : the uniform spin rotation about the z axis in the laboratory frame gives rise to the effective magnetic field along the z axis in the rotating spin frame of reference (which is analogous to the centrifugal force in a rotating frame of reference), which in turn decreases the easy-axis anisotropy as known for magnets with antiferromagnetic coupling [36] . Therefore, the width of the domain wall rotating at the angular velocity Ω is given by
where ω 0 ≡ K/ρ is the spin-wave gap at T A [45] . By solving Eq. (6) with λ 0 replaced by λ [Eq. (13) ] for Ω, we obtain the domain-wall precession frequency as a function of the current density:
and the domain-wall width:
The obtained expression for the angular velocity Ω [Eq. (12) ] is reduced to the linear-response result [Eq. (6) ] when the quadratic effects in the current density J is neglected. Note that the angular velocity converges to the spin-wave gap ω 0 ≈ 3 × 10 12 rad/s as the current density increases, but can never exceed it. Let us now turn to the STT-induced translation motion of a domain wall at large currents. Figure 5(a) shows the domain-wall velocity V as a function of the current density up to 0.5 × 10 12 A/m 2 . For relatively small currents J ≤ 0.2 × 10 12 A/m 2 , the simulation results shown as symbols are well explained by the linear-response analytical result V = −βP J/αs [Eq. (5)] shown as solid lines. However, Fig. 5(b) , where the current density as large as 4×10 12 A/m 2 is applied, shows that the domainwall velocity starts to deviate significantly from Eq. (5) for the current density J 1 × 10 12 A/m 2 . This deviation is not due to the current-induced change of the domain-wall width since V = −βP J/αs does not depend on λ. There are two notable features. First, even when the nonadiabatic torque is absent β = 0, the domain wall exhibits a finite velocity at high current densities, which disagrees with the known results for antiferromagnetic domain-wall motion obtained within the linear response [11] . Secondly, as the current density increases, the domain-wall velocities corresponding to three different values of β appear to converge on the one universal line, suggesting that it is not the nonadiabatic STT ∝ βP J but the adiabatic STT ∝ P J that plays a main role in the observed domain-wall velocity at high current densities. Our numerical result demonstrates a limitation of the linear-response theory for the STT-induced domain-wall motion at high currents. We leave a theoretical understanding of the observed domain-wall velocity at higher currents as a future research topic.
IV. DISCUSSION
To sum up, we have studied the STT-induced dynamics of a domain wall in ferrimagnets theoretically and numerically. The domain-wall velocity changes it sign across T A due to the sign change of the net spin density, giving rise to a phenomenon unique to ferrimagnets that cannot be found in ferromagnets and antiferromagnets. The angular velocity of a domain wall is shown to exhibit its maximum at T A , which can be understood as the effect of the STT-induced accumulation of the nonequilibrium spin density inside the domain wall. At higher currents, we have found numerically that the domain-wall velocity can significantly deviate from the linear-response result, calling for the development of a more general theory for the dynamics of a domain wall subjected to strong currents.
In this work, we have focused on the effects of STT on the dynamics of a domain wall in ferrimagnets. The reciprocal effects of a spin texture on a current are known to give rise to intriguing phenomena in ferromagnets such as the generation of electromotive force by domainwall precession [47] [48] [49] [50] and the topological Hall effect in skyrmion crystal phases [51] [52] [53] . The corresponding effects in ferrimagnets would be worth being investigated in the future. In addition, our understanding of STT in antiferromagnetically-coupled magnetic systems can be advanced further by pursuing the microscopic theory for the spin-charge interaction in ferrimagnets as has been done for ferromagnets within the Stoner model or the s-d model for itinerant ferromagnetism [34] . More generally, we envision that the research on the spin dynamics as well as the spin-charge interaction in ferrimagnets will lead us to more unified understanding of magnetic phenomena spanning various types of magnetic materials including ferromagnets and antiferromagnets as two special cases, and also it will facilitate the advancement of ferrimagnetic spintronics aiming at easily-controllable high-speed devices by combining the advantages of ferromagnetic and antiferromagnetic devices. 
